Transverse momentum dependent (TMD) parton correlators describing the partonic structure of hadrons contain gauge links, required by color gauge invariance. The required gauge links enter in the matrix elements that contain the parton fields and depend on the color flow in the hard process. The correlators are expanded in terms of transverse momentum dependent parton distribution functions, referred to as TMD PDFs, or in short TMDs. In this paper, we introduce gluon TMDs of definite rank, by making an expansion of the TMD gluon correlator with the help of irreducible tensors built from the transverse momenta. The process dependence is isolated in gauge link dependent gluonic pole factors multiplying the TMDs. It is important to account for the different possibilities in the color structure within the matrix elements, leading to multiple TMDs at a given rank. In this way we are able to write the leading tree level result for a hard process in terms of process dependent gluon correlators which are expressed in a finite set of universal TMDs. We tabulate the gluonic pole factors for various gauge links, among them those that are relevant for 2 → 2 processes.
distinguished in time-reversal even (T-even) and time-reversal odd (T-odd) correlators. The transverse moments of the T-odd correlators contain a quark-quark-gluon operator combination with vanishing gluon momentum referred to as gluonic pole or Efremov-Teryaev-Qiu-Sterman (ETQS) matrix elements [13] [14] [15] [16] [17] [18] . Correlators containing gluonic poles appear in cross sections with multiplicative gluonic pole factors depending on the hard part of the process under consideration. It has been shown that for fragmentation the gluonic pole matrix elements vanish [19] [20] [21] [22] [23] and the T-odd effect arises purely from the fact that one is dealing with non-plane wave final states.
Higher rank correlators and transverse moments are important for the azimuthal asymmetries of the form cos(mϕ) and sin(mϕ). In a recent publication, we analyzed the rank two correlators and double transverse moments of quark TMD correlators and their parametrization in terms of quark TMD distribution and fragmentation functions depending on x and p 2 T for unpolarized and polarized spin 1/2 and spin 1 hadrons [24] . All correlators containing gluonic pole matrix elements appear with (calculable) gluonic pole factors depending on the color flow structure in the hard process, including at rank 2 also T-even (double gluonic pole) correlators.
In this paper, we extend our analysis to gluon TMD correlators, which gives rise to a richer color structure phenomenology due to the more complicated gauge link structures involved. By using similar formalisms that we used before for the classification of quark TMDs, we will systematically classify all allowed color structures and indicate how they give rise to a finite number of universal TMD correlators. In any hard scattering process, the TMDs involved can then be written as a process dependent combination of these universal TMDs, multiplied with gluonic pole coefficients. We will tabulate the gluonic pole factors for a representative set of gauge links, among them those that are relevant for 2 → 2 processes. Finally we will tabulate the (gauge invariant) definitions of the universal correlators needed for the description of TMDs.
II. GAUGE LINKS AND COLOR STRUCTURES
For TMD gluon distribution (and fragmentation) functions, the gauge link dependence is a crucial part. Gauge link dependent gluon correlators have been introduced before [25] [26] [27] 
where the fields are matrix-valued and one still needs to make the result a color singlet by appropriate color tracing. The gauge link structure is denoted as superscript [U, U ′ ] in the correlator Γ [U,U ′ ] , also simply denoted as Γ [U] . The relevant gauge link structure arises from a resummation of leading Feynman diagrams including collinear n·A gluons and they are built from staple-like links in combination with loops that will be color traced in various ways. Staple-like links are the Wilson lines U [±∞,ξ] running from 0 to ξ, in the arguments of Γ simply referred to as ±, and their Hermitian conjugates, ± † , running from ξ to 0 as discussed in Ref. [28] . color combinations that appear. The gluon correlator is bilocal with F nµ (0) F nν (ξ) containing the basic nonlocality ξ that transforms into the parton (gluon) momentum p. Connecting the two nonlocal gluon fields, one has different types of gauge link structures, type 1:
type 2:
These three types of contributions will be discussed below. Without the parton-like gluon fields defining the nonlocality, we could in principle even add a structure of the form type 0:
which could play a role in diffractive scattering or saturation [29, 30] . We will restrict ourselves in this paper to the two-gluon types.
B. Correlators of the second type
The second type of operator structures contains correlators with multiple color loops, where the two gluon fields are located in the same color trace. Typical diagrams where multiple color loops appear are diagrams with colored particles originating from two initial state hadrons and two colored particles being part of the final state. For an individual diagram, usually multiple color flow possibilities have to be taken into account for a correct description of the process. For this reason multiple different gauge link structures appear for most of the diagrams in 2 → 2 processes, as can be seen explicitly in the appendix of Ref. [26] .
In the correlator, the color traces that are without gluon fields all contain a gauge link loop (also called Wilson
In principle, even more traced Wilson loops could appear, provided that the diagram has enough complexity to allow for multiple color loops to be present. The most complicated diagram that is relevant for our purposes contains three color loops. Since the color trace of a Wilson loop is a color singlet, it is possible to move the color traced Wilson loops to other places within the matrix element of the correlator. Gauge link structures of this second type that are needed in physical processes are Γ 
, or the interchange of these. In the Figs. 1g and 1h these two structures are illustrated. Correlators that contain this gauge link structure correspond to a color flow where the (hadron) correlators are color singlet at the cut. In principle more complicated gauge link structures could be written down, but only if diagrams are included which allow for more complicated color flow structures, which do not occur for leading order 2 → 2 diagrams. Diagrams containing three or more particles in the final state are less relevant for our study, because they usually don't allow measurements of (small) transverse momentum components.
III. FORMALISM
In this section, we will give the gluon TMD distribution functions. After this, we will give the procedure for taking transverse moments of gluon correlators. In this procedure, the building blocks of the matrix elements will be introduced naturally.
A. Parametrization of gluon distribution functions
In the previous section, the correlator has been defined in terms of matrix elements, which cannot be calculated from first principles. The correlator can also be written down by writing an expansion in TMD PDFs, first given in Ref. [25] , which following the naming convention in Ref. [31] is given by
1s (x,p T ) +
1T (x,p
In this parametrization, the spin vector is parametrized as 
1T (x, p 2 T ).
Also the tensor ǫ µν T = ǫ nP µν = ǫ ρσµν n ρ P σ is used, where we have used shorthand notations like ǫ , where U t is a time-reversed gauge link, interchanging plus and minus light-cone infinity [4] . In the p T -integrated version of Eq. 6 only f g 1 and g g 1L survive, giving the well-known collinear gluon PDFs g(x) = f g 1 (x) and ∆g(x) = g g 1L (x). These collinear functions are universal as all gauge links reduce to a unique link along n. The TMDs that do not survive the p T -integration in Eq. 6 all are multiplied by tensors containing p T in symmetric traceless combinations. In order to reduce these terms in the correlator to a collinear form, one has to perform specific transverse weightings multiplying the correlator with additional factors of p T . Just as found for quark correlators, one then obtains expressions containing the TMD PDFs in Eq. 6 weighted with powers of −p
For the explicit calculation tensor product relations are used. Depending on the rank of the tensor structure in Eq. 6 one needs a corresponding number of transverse momenta p T multiplying the correlator Γ(x, p T ). With single transverse weighting and azimuthal averaging of the correlator one obtains f
1T and h
1T . One obtains h with double transverse weighting and azimuthal averaging of the correlator. Finally, a triple transverse weighting and azimuthal averaging of the correlator is required to obtain h
In the next subsection, we will show how the transverse weightings are performed at the level of the matrix elements including in particular the role of the gauge link structure in this. The TMDs in Eq. 6 still have a gauge link dependence. In the article dealing with the universality of the quark correlators [24] a similar situation occurred. In that paper, TMDs of a definite rank were introduced for quarks, which allowed the definition of universal quark TMDs, multiplied with gauge link dependent factors. In the same way as done for quarks, we will first show the effects of transverse weightings for the correlators at the operator level and in the next step use this to identify TMDs for the gluons.
B. Operator structure of transverse moments
For gluons the single weighting (m = 1) results were already given in Ref. [27] and for quarks the procedure was described in Ref. [24] , where also the decomposition of weighted matrix elements was given. As will be explained, the procedure for gluons is slightly more involved due to the larger number of possible color structures.
Transverse weighting including transverse momenta is achieved in the transverse moments,
In principle, a lot of different gauge link structures are possible, so it is important to understand the action of p
In coordinate space the momentum p α T becomes a partial derivative, which acts on the gauge links and yields [11, 24] 
. . . U
[n]
and where we have absorbed factors of g in the definition of the gluon fields. The latter operator combination only depends on ξ T . These specific field combinations have definite time-reversal properties, A T (ξ) being T-even and G T (ξ) being T-odd. Taking transverse moments thus requires the consideration of multi-parton matrix elements. The first transverse moment of a gluon correlator with a single color trace (type 1) involves after p T -integration the collinear correlators [27] Note that in the operators we always use i∂ and iD, whereas in indices of correlators we use ∂ and D. For Γ F,c one can have both the commutator and anticommutator, color structures that are distinguished using the indices c = 1 and c = 2, respectively. These collinear correlators have a unique gauge link structure. The actual matrix elements appearing in the transverse moments are bilocal, namely
The matrix elements needed in the first moment thus involve operator structures configurations. These operator structures will be discussed in the next section. We refer to the number of gluonic pole contributions in these bilocal correlators as the gluonic pole rank and to the sum of gluonic poles and partial derivative terms as the rank of the correlator, which equals the number of transverse indices.
In order to obtain the color structure for higher moments, one needs to carefully look at the results for the derivative before p T -integration. The basic results that will be needed are
and i∂
Since we can also write
To get the results for expressions including field tensors or get to higher derivatives, we can use recursive relations,
where O(ξ) can be field strengths F nα2 (ξ), but also expressions like [i∂
In all (unweighted) bilocal matrix elements including gauge link structures the ξ-dependent part within a particular trace can be written in the form
. In this, the operator O (ξ) can be the unit operator, a gluon field F (ξ), a gluon field with an additional gauge link attached, e.g.
Taking a transverse moment implies taking a transverse derivative on the above combinations of gauge links and fields. For a single transverse weighting this results in an (anti)commutator of a gluonic pole term with the operator structure O and the transverse derivative of the operator structure O as outlined above. For a double transverse weighting one has to apply this to the result of the single weighted result, etc. The results of this are tabulated in Table I and will be used to calculate higher moments.
To calculate transverse moments one needs to perform the p T -integrations. In those results the gauge links U
[±]
will reduce to straight-line gauge links U [n] along the light-like direction n. A Wilson loop will reduce to the identity in color space after such an integration, implying also
in the collinear (hence integrated) situation. As an explicit example, consider
In that case one applies the transverse derivative to n] links. This factor 3 multiplying Γ G in the transverse moment is an explicit example of what in general is referred to as gluonic pole factors (see next subsection). Note that for higher moments it sometimes will be convenient to include some factors of two in the correlator definitions (outlined in section IV) rather than using anticommutators.
C. Example: single transverse moments
Using the previously given relations for taking derivatives of Wilson lines, one can calculate the transverse moments, i.e. the matrix elements including transverse momentum weightings and integrated over p T . As an example, we will give the explicit results for the single weighted case of a gluon correlator with a single color trace (type 1). It is found that
In the above procedure, one finds universal matrix elements and all process dependence is isolated in gluonic pole factors C
[U]
G,c . The numerical values of these coefficients for all different gauge links can be found in the Tables II, III  and the single weighted case they are related to the color factors given in Ref. [17] . In Eq. 19, our C
G,2 (x) are the same as the πC [27] .
IV. OPERATOR STRUCTURES OF ALL TRANSVERSE MOMENTS
In this section we give the results including the transverse moments of rank higher than one, which was done in detail in the previous section. The necessary ingredients are finding the operators containing derivatives and gluonic poles and the labeling of the color structures for the operators that contain gluonic poles. Having done that, one can find the factors in the expansion of the transverse moments. Following up on the result for the first transverse moment in Eq. 19 we have
where [U ] can be any of the gauge links discussed in section II. The collinear correlators on the rhs are independent of the gauge link. The gauge link dependence is in the gluonic pole factors multiplying these correlators. It should be noted that the coefficients C
G,c for a given gauge link are the same in the expressions for single, double and triple transverse moments, as are also the coefficients C
[U]
GG,c in double and triple transverse moments. They do not depend on the number of partial derivatives involved. The results have been tabulated for type 1 correlators in Table II, for  type 2 correlators in Table III and for type 3 correlators in Table IV . Note that not all the gauge links in the Tables II and III will occur for correlators in actual 2 → 2 diagrams, but they are needed for the description in Appendix A. 
GG,1 and C
[U ]
GG,2 are the same for single, double and triple transverse weighting. The coefficients that are not present in the above table are zero for these gauge links. The color structures for these types are explicitly given in the next sections. Also the gluonic pole coefficients for the single weighted case for 2 → 2 processes are tabulated in Ref. [32] .
A. Weighting for type 1 correlators
Unweighted correlators of type 1 have the field theoretical structure given in Eq. 2. Applying transverse weightings on this type of matrix elements implies that all gluonic pole matrix elements that appear are located in the same color trace as the gluon fields F (0) and F (ξ). If one considers matrix elements containing gluonic poles only and no partial derivative terms, one gets for single, double and triple transverse weighting the matrix elements
where we omitted the (collinear) gauge links for readability. As was indicated for the single weighted case already in the Refs. [27, 29] , the gluonic pole terms come either in the form of a commutator or anticommutator with the field F (ξ), depending on the gauge link structure. Since gluonic pole matrix elements are obtained in constructing transverse moments of a particular O(ξ) operator combination sandwiched between two basic links, one finds that the matrix elements containing just multiple gluonic poles have only commutators or only anticommutators of the gluonic pole terms.
As pointed out before in the description of the formalism, also matrix elements containing partial derivative contributions appear. For the single weighted case this has been illustrated already. For double and triple weightings the situation becomes more involved, since terms containing both gluonic poles and partial derivative contributions will appear. The partial derivative term will always come as a commutator with the field F (ξ). Again omitting the (collinear) gauge links, we get matrix elements like
The matrix elements with only gluonic poles or with only derivatives are evidently symmetric for both sides of the expression. For double transverse weighting, one gets in addition mixed matrix elements. Looking at the results in Table I we note that
which implies two types of mixed rank 2 operator structures appearing in the transverse moments
where we have suppressed the arguments (ξ) of ∂ T and G T and {∂G} and {α 1 . . . α 2 } denote symmetrization. This makes for combinations involving commutators and anticommutators the rhs evidently symmetric. By symmetrizing also the lhs we avoid additional numerical factors. Note that for the rank 3 mixed operator combinations
we see the natural appearance of correlators with a symmetric operator structure, Γ {∂∂G},c and Γ {∂GG},c , each of these in two color configurations that just depend on the number of gluonic poles in the correlator (compare Eqs. 23a, 23b and Eqs. 23c, 23d). It should be noted that the coefficient C
G,c is the same for single and double transverse weighting, thus the matrix elements Γ G,c and Γ {∂G},c are multiplied with the same gluonic pole factor. Similarly, for triple transverse weighting one gets the additional mixed matrix elements Γ {∂∂G},c and Γ {∂GG},c , whose gluonic pole factors are identical as the gluonic pole factors of Γ G,c and Γ GG,c respectively. Note that in expressions involving transverse weightings, there should be symmetrization over the indices α i and these expressions should be traceless. This applies to all correlators involving double or higher transverse weighting.
B. Weighting for type 0 correlators
Before turning to the type 2 and type 3 gluon correlators, we will discuss the weighting for type 0 correlators given by Eq. 5 first, using the formalism in section III B. To make things specific, we consider a diffractive correlator of the form Γ
(p T ; n) containing a matrix element of the operator
Using the results in section III B one finds that (subtracting the unit operator) the p T -integrated result and the first transverse moment are both zero. The first nonzero contributions come at rank 2 (see also Ref. [30] ), a result that can be obtained from Table I , e.g. choosing O(ξ) = 1 for
At rank 3 one encounters the following collinear operator structures,
Even in more complex situations the Wilson loop reduces to unity after p T -integration and the same collinear operator structures are obtained, multiplied with specific gluonic pole factors in the actual transverse moments.
C. Weighting for type 2 correlators
Unweighted correlators of type 2 have the field theoretical structure given in Eq. 3. The weighting with factors of p T acts on gluon fields and gauge links that depend on the coordinate ξ T . The matrix elements of the type 2 correlator contain one or more additional color traced Wilson loops, as a result of which the gluonic pole terms could appear in the color trace containing the gluon fields F (0) and F (ξ) and also in the additional color traced parts.
Just as for the pure gauge loops in the previous subsection, the integrated result and the first transverse moment only have gluonic poles and derivatives in the part containing F (0) and F (ξ). Since the additional traced loops reduce to unity after p T -integration, the color structures are the same as for type 1. For the second moment, there is now one additional structure since the two gluonic poles can also be in the traced loop,
In the triple weighted matrix elements with only gluonic poles, one can have two or three gluonic poles in the traced loop, leading to three new operator structures with gluonic pole rank three,
On top of this, for triple weighting an operator structure including one partial derivative appears in the combination
This is derived in a straightforward way using derivatives as in Table I 
D. Weighting for type 3 correlators
Taking transverse moments for type 3 correlators can never give the correlators that were found for the type 1 and type 2 correlators, since the gluon fields F (0) and F (ξ) are located in different color traces. When constructing transverse moments, however, we need at least one gluonic pole matrix element (with color octet structure) in each of the traces. The simplest operator structure appearing in double weighting is
For triple weighting one finds the gluonic pole operator structures
On top of this, one will also find the matrix element
where we have absorbed a factor of 3 in the definition, again as the natural binomial coefficient appearing when taking derivatives of a product.
V. DEFINING TMDS
In order to define gluon TMD PDFs, we will make an expansion into p 2 T -dependent correlators multiplying symmetric traceless tensors in transverse momentum space, where we include correlators with all possible values of gluonic pole rank or partial derivative rank, the sum of which defines the rank of the universal TMD correlators,
where we have suppressed the indices µ and ν of the gluon fields for readability. Just as for the transverse moments in the previous section, multiple color structures are possible in Eq. 34 for the matrix elements, hence the summation over the color structures c. The allowed color structures and the meaning of operator combinations like {∂∂G} are the same ones that have been discussed in section IV. Note that since the tensors p ij T and p ijk T on the rhs of Eq. 34 are traceless and symmetric, the correlators to which they correspond can be defined to be traceless as well (see Appendix A for their definition). This is in fact even necessary in order to make the identification of these correlators in terms of TMDs unique.
Equivalently with traceless symmetric tensors, we can use the real and imaginary part of |p T | m e imϕ as the two independent components of the symmetric traceless tensor of rank m. Just as was done for quarks in Ref. [24] , an identification should be made between the matrix elements and the gluon TMDs. We already mentioned the rank of the TMD correlators, which is determined by the number of transverse fields i∂ T = iD T − A T and gluonic poles G in the matrix elements and equals the rank of the (symmetric and traceless) tensor constructed from the transverse momenta. Secondly the behavior of both matrix elements and the TMDs under time-reversal symmetry will be used to identify specific distribution functions in the parametrization. A gluonic pole contribution is T-odd. Therefore, all matrix elements containing an odd number of gluonic poles are T-odd, while all matrix elements containing an even number of gluonic poles (or no gluonic poles at all) are T-even. Using this identification, it is possible to determine for each TMD separately in which box(es) in Table V it should belong, the result of which can be seen in Table VI .
By comparing the Eqs. 6 and 34 it becomes clear that for gluons contributions up to rank 3 have to be taken into account. The rank 0 contribution is given by
and h ⊥g(Ac) 1T
, four for h . We can also look at each structure in the matrix element separately. In this paper nonuniversal TMDs were introduced, namely f
. Using the complete list of structures for the type 1, type 2 and type 3 correlators, it is possible to give the expressions of these nonuniversal TMDs in terms of the universal
GGG,c ΓGGG,c 
TABLE VI: The operator assignments of TMD PDFs for gluons. The index c for some labels A and B indicate that there are multiple contributions for that TMD PDF of that rank due to the presence of multiple color structures. definite rank TMDs,
RANK OF TMD PFFs FOR GLUONS
1T (x, p
A similar expansion as in Eq. 34 can also be made for the fragmentation correlator ∆ g (z, k T ) as for instance given in Ref. [25] . For fragmentation functions, the gluonic pole matrix elements vanish [19] [20] [21] [22] [23] , hence there is no longer any process dependence. As a result, all fragmentation TMDs are universal. The assignment of gluon TMD PFFs can be seen in Table VII , we would like to invert these relations to obtain the actual operator expressions of these definite rank correlators in terms of TMD correlators with particular gauge links. Knowing the links one can identify high-energy processes in which to measure them or one may (eventually) be able to do a lattice calculation of these correlators. As explained in many contained in the complete expansion in Eq. 34. To find a precise form for the difference for the second and third harmonic dependence, one has to use the appropriate gluonic pole factors that are given in Section IV and write down the first moment completing Eq. 36. This unintegrated first moment not only contains the rank 1 functions, but also functions of other rank. Only after ϕ-integration, one is left with functions of one particular rank.
VI. CONCLUSIONS
In this paper we have introduced gluon TMDs of definite rank m. These appear in the expansion of an arbitrary gauge link dependent correlator as gauge link independent functions multiplied with irreducible traceless tensors p i1...im T . The expansion contains the full set of matrix elements appearing in the description of gluon transverse momentum dependent parton distribution functions (TMD PDFs). These matrix elements can be classified by the rank of the operator combination it contains. This rank is equal to the sum of the number of gluonic pole operators and color gauge-invariant partial derivative operators. Using Lorentz invariance, hermiticity, inversion and timereversal symmetry, their matrix elements can be identified with TMDs. Like for the quark TMDs, multiple color structures could appear for matrix elements containing a certain number of gluonic poles, which increases the number of (independently) contributing process independent leading twist gluon TMDs from 8 to 23. Nevertheless, the introduction of universal definite rank TMDs improves on the situation in which one has eight types of gauge link dependent TMDs, f (x, p 2 T ) carrying additional indices like (Ac), they are universal. In particular, the gauge link dependence is contained in calculable gluonic pole factors, which can be obtained for any hard process.
In classifying contributions using their rank, we find two rank 0 functions, the f g 1 and g ⊥g 1L , both of which come without process dependent factor. We find three types of rank 1 functions. One of them, the g correspond to the matrix elements Γ G,c , where c labels the two ways to neutralize three gluon fields using SU(3) structure constants f or d. The emerging of these two TMDs with different color structures has been introduced earlier in Ref. [27] . For rank 2, we find two functions, namely h functions can be identified with the matrix elements Γ {∂G},c . Just as for the other TMDs that can be identified with matrix elements containing just one gluonic pole, there are only two color structures for this TMD. For rank 3, the dependence of the TMD correlator on transverse momentum and spin allows just a single structure. Nevertheless it gives rise to nine universal, T-odd functions denoted h ⊥g (Ac) 1T and h ⊥g (Bc) 1T
. These correspond to the two matrix elements in Γ {∂∂G},c and the seven matrix elements in Γ GGG,c .
This new expansion in universal TMDs is of use to any experiment or analysis studying high-energy processes with the aim of extracting TMDs and comparing them to the results of extractions of TMDs using a different process, since it is possible to calculate which combinations of TMDs are relevant for a particular high-energy process. These will be given in a forthcoming publication. We do caution, however, that the color dependent factors multiplying the universal functions as defined in this paper are a tree level result. They are the lowest order coefficients in a full calculation. The relevant parts that have been resummed are the collinear gluons needed to obtain the appropriate color gauge invariant matrix elements in the TMDs.
